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Motivation: HVTN 505 trial

HVTN 505 trial: trial of a preventive HIV vaccine

Stopped early after reaching predetermined cutoffs for efficacy futility [2]
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Motivation: HVTN 505 trial

Several biomarkers correlated with HIV among vaccine recipients [3, 1, 4]

Is there a causal relationship between these biomarkers and HIV?

Biomarker-HIV relationship is confounded

Biomarkers are measured with error
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Goal

To estimate the causal effect of a continuous exposure on an outcome when

(i) the exposure-outcome relationship is potentially confounded

(ii) the exposure is measured with error
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What Do We Mean by Causal Effect?

“What would be the risk of HIV if, possibly counter to fact, somebody were to have

biomarker level aaa?”

aaa︸︷︷︸
biomarker

⇒ Y (aaa)︸︷︷︸
potential HIV status if aaa

⇒ E{Y (aaa)}︸ ︷︷ ︸
potential HIV risk if aaa

Estimand (dose-response surface): η(aaa) ≡ E{Y (aaa)} for aaa ∈ AAA
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Confounding

A

exposure

(biomarker)

Y

outcome

(HIV)
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Measurement Error

ϵϵϵ

measurement error

AAA∗

measured exposure

AAA

true exposure

Y

outcome

LLL

confounder
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Notation

true exposure: AAA = (A1, . . . ,Am)

measured exposure: AAA∗ = (A∗
1, . . . ,A

∗
m) = AAA+ ϵϵϵ

measurement error: ϵϵϵ

potential outcome: Y (aaa)

observed outcome: Y

confounders: LLL = (L1, L2, ..., Lp)

Observe: iid copies of (Yi ,LLLi ,AAA
∗
i )

Estimand: dose-response surface η(aaa) ≡ E{Y (aaa)} for aaa ∈ AAA
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Assumptions

(i) causal consistency: Y = Y (aaa) when AAA = aaa

(ii) conditional exchangeability: Y (aaa) ⊥⊥ AAA|LLL for all aaa ∈ AAA
(iii) positivity: fAAA|LLL(aaa|lll) > 0 for all lll such that fLLL(lll) > 0 and for all aaa ∈ AAA
(iv) classical additive measurement error: ϵϵϵ ∼ Nm(0,ΣΣΣme) and ϵϵϵ ⊥⊥ (Y ,LLL,AAA)

(v) known or estimable measurement error variance ΣΣΣme
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Addressing Confounding Alone

How can we address confounding in the absence of measurement error?

3 classical methods:

1 G-Formula

2 Inverse Probability Weighting (IPW)

3 Doubly Robust Method (DR)

These can all be framed as M-estimators
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Crash Course on M-Estimation

Score Function: a function of the observed data and the parameter of interest

ΨΨΨ0︸︷︷︸
score fun.

(

Y ,LLL,AAA︸ ︷︷ ︸
data

;

θθθ︸︷︷︸
param.

)

that is unbiased, meaning

E{ΨΨΨ0(Y ,LLL,AAA; θθθ0︸︷︷︸
true

)} = 000.
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Crash Course on M-Estimation (cont’d)

Given a score function ΨΨΨ0 and observed data {(Yi ,LLLi ,AAAi) : i = 1, . . . , n}, we can

find an estimator θ̂θθ as the solution to

∑n
i=1ΨΨΨ0(Yi ,LLLi ,AAAi︸ ︷︷ ︸

observed

;θθθ) = 000.

θ̂θθ is consistent and asymptotically normal and has a simple variance estimator [6].
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G-Formula

1 fit the outcome model µ(LLL,AAA;βββ) ≡ E(Y |LLL,AAA)

2 estimate the dose-response curve by marginalizing over the distribution of

confounders: η̂(aaa) = n−1
∑n

i=1 µ(LLLi ,aaa; β̂ββ)

This can be expressed as an M-estimator with score function

ΨΨΨ0−GF (Y ,LLL,AAA;θθθGF ) =

[
{Y − µ(LLL,AAA;βββ)} ∂βββµ(LLL,AAA;βββ)

η(aaa)− µ(LLL,aaa;βββ)

]
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IPW

1 obtain/estimate standardized propensity score weights

SW (LLL,AAA) =
fAAA(AAA)

fAAA|LLL(AAA|LLL)

2 use weighted observations to estimate the dose-response curve η(aaa;γγγ)

This can be expressed as an M-estimator with score function

ΨΨΨ0−IPW (Y ,LLL,AAA;θθθIPW ) =

[
ΨΨΨPS(LLL,AAA)

SW (LLL,AAA) {Y − η(AAA;γγγ)} ∂γγγη(AAA;γγγ)

]
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DR

1 obtain/estimate standardized propensity score weights SW (LLL,AAA)

2 use weighted observations to estimate the outcome model µ(LLL,AAA;βββ) ≡ E(Y |LLL,AAA)
3 estimate the dose-response curve by marginalizing over the distribution of

confounders

This can be expressed as an M-estimator with score function

ΨΨΨ0−DR(Y ,LLL,AAA;θθθDR) =

 ΨΨΨPS(LLL,AAA)

SW (LLL,AAA){Y − µ(LLL,AAA;βββ)}∂βββµ(LLL,AAA;βββ)
η(aaa)− µ(LLL,aaa;βββ)


Doubly robust∗ to models for µ(LLL,AAA;βββ) and fAAA|LLL(AAA|LLL).
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ΨΨΨ0−DR(Y ,LLL,AAA;θθθDR) =

 ΨΨΨPS(LLL,AAA)

SW (LLL,AAA){Y − µ(LLL,AAA;βββ)}∂βββµ(LLL,AAA;βββ)
η(aaa)− µ(LLL,aaa;βββ)



Doubly robust∗ to models for µ(LLL,AAA;βββ) and fAAA|LLL(AAA|LLL).
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Addressing Confounding and Measurement Error
Can we just substitute AAA∗ for AAA and find the solution to∑n

i=1ΨΨΨ0(Yi ,LLLi , AAA∗
i︸︷︷︸

mismeasured

;θθθ) = 000?

No! This leads to bias in θ̂θθ because

E{ΨΨΨ0(Y ,LLL,AAA∗;θθθ0)} ≠ 000.

We need a new score function ΨΨΨCS such that

E{ ΨΨΨCS︸︷︷︸
new score fun.

(Y ,LLL, AAA∗︸︷︷︸
mismeasured

;θθθ0)} = 000.
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Corrected Score Functions

Given the “oracle” score function ΨΨΨ0, the “corrected score” function ΨΨΨCS can be

created following Novick and Stefanski (2002) [5]:

ΨΨΨCS (Y ,LLL,AAA∗;θθθ) = E [Re {ΨΨΨ0(Y ,LLL,AAA∗ + iϵ̃ϵϵ;θθθ)} |Y ,LLL,AAA∗]

1 Add additional imaginary measurement error iϵ̃ϵϵ to the mismeasured exposure

2 Keep only the real part of the resulting complex-valued function

3 Take the expectation over the additional measurement error ϵ̃ϵϵ.
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Corrected Score Functions (contd)

Under certain conditions, the corrected score function ΨΨΨCS is then unbiased, meaning

E{ΨΨΨCS(Y ,LLL, AAA∗︸︷︷︸
mismeasured

;θθθ0)} = 000.

The G-Formula, IPW, and DR score functions all satisfy these conditions, and so can be

“corrected:”

ΨΨΨ0−GF −→ ΨΨΨCS−GF

ΨΨΨ0−IPW −→ ΨΨΨCS−IPW

ΨΨΨ0−DR −→ ΨΨΨCS−DR
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Monte Carlo Corrected Score Functions

Sometimes we can find a closed-form algebraic expression for

ΨΨΨCS (Y ,LLL,AAA∗;θθθ) = E [Re {ΨΨΨ0(Y ,LLL,AAA∗ + iϵ̃ϵϵ;θθθ)} |Y ,LLL,AAA∗]︸ ︷︷ ︸
E{f (̃ϵϵϵ)}

.

Alternatively, we can approximate this expectation with Monte Carlo replicates

E{f (̃ϵϵϵ)} ≈ B−1
∑B

b=1 f (̃ϵϵϵb)

=⇒ ΨΨΨB
MCCS(Y ,LLL,AAA∗;θθθ) = B−1

∑B
b=1 Re {ΨΨΨ0(Y ,LLL,AAA∗ + iϵ̃ϵϵb;θθθ)}
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Simulation Setting

LLL

L ∼ N (0, 0.36)
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Simulation Setting

implies a dose-response surface of η(aaa;γγγ) = γ0 + γ1︸︷︷︸
estimand

a1 + γ2a2

sample size n = 800

2 estimators compared:

1 Naive IPW (ignores measurement error)

2 Corrected Score IPW

Brian Richardson Addressing Confounding and Measurement Error August 5, 2025 22 / 28



Simulation Setting

implies a dose-response surface of η(aaa;γγγ) = γ0 + γ1︸︷︷︸
estimand

a1 + γ2a2

sample size n = 800

2 estimators compared:

1 Naive IPW (ignores measurement error)

2 Corrected Score IPW

Brian Richardson Addressing Confounding and Measurement Error August 5, 2025 22 / 28



Simulation Setting

implies a dose-response surface of η(aaa;γγγ) = γ0 + γ1︸︷︷︸
estimand

a1 + γ2a2

sample size n = 800

2 estimators compared:

1 Naive IPW (ignores measurement error)

2 Corrected Score IPW

Brian Richardson Addressing Confounding and Measurement Error August 5, 2025 22 / 28



Simulation Setting

implies a dose-response surface of η(aaa;γγγ) = γ0 + γ1︸︷︷︸
estimand

a1 + γ2a2

sample size n = 800

2 estimators compared:

1 Naive IPW (ignores measurement error)

2 Corrected Score IPW

Brian Richardson Addressing Confounding and Measurement Error August 5, 2025 22 / 28



Simulation Setting

implies a dose-response surface of η(aaa;γγγ) = γ0 + γ1︸︷︷︸
estimand

a1 + γ2a2

sample size n = 800

2 estimators compared:

1 Naive IPW (ignores measurement error)

2 Corrected Score IPW

Brian Richardson Addressing Confounding and Measurement Error August 5, 2025 22 / 28



Simulation Results: Estimator
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Simulation Results: Confidence Interval
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Application: HVTN 505 Trial

two exposures (both log-transformed):

(i) antibody-dependent cellular phagocytosis (ADCP)

(ii) recruitment of FcγRIIa of the H131-Con S gp140 protein (RII)

case-cohort sampling: biomarkers only measured in stratified random sample of

controls

covariates: age, race, BMI, behavior risk, CD4-P, and CD8-P

analysis: DR estimator with a log-linear outcome model
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Application: HVTN 505 Trial
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Mismex: Causal Inference for Mismeasured Exposures

Paper in Biometrics GitHub R package
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Appendix: Corrected Score Functions
Suppose the oracle score function is conditionally unbiased, meaning

E{ΨΨΨ0(Y ,LLL,AAA;θθθ)|AAA} = 000.

Define the corrected score function as

ΨΨΨCS (Y ,LLL,AAA∗;θθθ) = E
[
Re

{
ΨΨΨ0(Y ,LLL, ÃAA;θθθ)

}
|Y ,LLL,AAA∗

]
,

where ÃAA = AAA∗ + iϵ̃ϵϵ, i =
√
−1, Re(·) denotes the real component of a complex

number, and ϵ̃ϵϵ ∼NNN (000,ΣΣΣme).

Then

E {ΨΨΨCS (Y ,LLL,AAA∗;θθθ) |Y ,LLL,AAA} = ΨΨΨ0 (Y ,LLL,AAA;θθθ)

=⇒ E [E {ΨΨΨCS (Y ,LLL,AAA∗;θθθ) |Y ,LLL,AAA}] = E {ΨΨΨ0 (Y ,LLL,AAA;θθθ)}
=⇒ E {ΨΨΨCS (Y ,LLL,AAA∗;θθθ)} = 000
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